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Radiated Noise from Airfoils in Realistic Mean Flows

David P. Lockard¤ and Philip J. Morris†

Pennsylvania State University, University Park, Pennsylvania 16802

The long-term objectiveof the research described is to use computationalaeroacoustics methodologyandparallel
computers to increase the understandingof broadbandblade noise. In a systematic progression toward simulations
of completely realistic con� gurationsand conditions, some simpli� ed problems that address the important features
of the � ow are investigated.A two dimensionalNavier–Stokes code, implemented using the message passing library
and Fortran 90 on the IBM SP2, is used to perform the calculations. Results are presented for the interaction of a
vortical gust and NACA airfoils, including nonlinear effects. The in� uence of gust frequency and airfoil thickness
is described. A multigrid method is used to obtain converged steady-state solutions before the gust is introduced
in a source region inside the domain.

Nomenclature
a1 = vortical gust amplitude
c = speed of sound
cp = pressure coef� cient, .p ¡ p1/=.1=2½1jV1j2/
D = discrete form of arti� cial dissipation
F = discrete form of spatial derivatives
G = ampli� cation factor
h = mesh spacing
J = Jacobian
k = reduced frequency
L = vector used in characteristic analysis
M = Mach number
p = pressure normalized by ½1c2

1
p0 = perturbationpressure normalized by ½1U1a1

Q = vector of dependent variables
q = heat � ux
Re = Reynolds number
T = temperature
t = time
U; V = contravariant velocity components
u; v = Cartesian velocity components
V = mean velocity vector
x; y = Cartesian coordinates
° = ratio speci� c heats
·; ºmax; k0; ¯0 = scaling coef� cients for the arti� cial

dissipation
K = vector of eigenvalues ¸
¸ = eigenvalue
º; Á; Â = switches for the arti� cial dissipation
»; ´ = generalized coordinates
½ = density

Subscripts

g = gust
1 = freestream quantity

Introduction

T HE present paper describes the interaction of a vortical gust
with a � nite thickness airfoil. This problem represents an
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important component of methods for the prediction of broadband
airfoil noise. The effects of a realistic mean � ow around the airfoil
on both the gust and radiatednoise are included.The approachtaken
in this paper has several key features.

1) The mean � ow is obtained from a solution of the Euler or
Navier–Stokes equations. Convergence to a steady state is acceler-
ated using a multigrid method.

2) All calculationsare performed on the IBM SP2 using the mes-
sage passing interface library and Fortran 90.

3) The vortical gust is generated in the interior of the computa-
tional domain. This eliminates problems at the boundaries of the
computationaldomain.

4)A modi� ed formofJameson’s arti� cialdissipationis developed
that ful� lls the convergence needs of the steady-state solutions as
well as the nondissipativerequirementsof the acousticcalculations.

To perform acoustic calculations,all of the transients in the mean
� ow � rst need to be removed from the domain. If aerodynamic� uc-
tuations persist, one is unable to identify the acoustics in the prob-
lem. This is one of the additional complications encountered when
using a computational aeroacoustics (CAA) technique to simulate
the interactionof a plane,vorticalgust with a thick airfoil.In the cur-
rent approach,a time-independentsolution is obtained for the mean
� eld, and then an unsteady disturbance is introduced to generate
the gust. CAA algorithms are designed to minimize dissipationand
dispersion,and so they are very inef� cient at converging to a steady
state. However, because it is only the spatial operators that govern
the steady-state solution, any technique that uses the identical spa-
tial operators as the CAA scheme may be used to obtain the steady
solution. Hence, local time stepping with modi� ed Runge–Kutta
coef� cients may be used to improve the damping characteristics
and accelerate the movement of information within the domain. To
further enhance the convergence, a multigrid method is employed.

Once the convergedsteadystate is obtained,it is used as the initial
� ow� eld in a time-accuratecalculation.Although the gust could be
imposedat theouterboundaries,it is generatedinsidethedomainin a
speci� ed source region.This allows traditionalboundaryconditions
designedto minimizere� ections to beused. Inviscidcalculationsfor
two gust frequenciesand several operatingconditionsare examined
using this method. In addition, some viscous simulationshave been
performed to demonstrate the in� uence of viscous effects.

A description of the steady and unsteady algorithms is given,
which emphasizes the different aims of the calculations. This in-
cludes a discussion of the boundary conditions and arti� cial dis-
sipation. The multigrid method is explained, as well as all spe-
cial treatments necessitated by the choice of governing equations
and algorithm. Results for both unsteady and steady calculations
are presented. The effects of thickness and angle of attack are also
demonstrated.The unsteadycases includea comparisonwith results
for a � at plate airfoil from previous calculations by the authors.1

Reference 1 also includes a detailed description of the parallel im-
plementation.
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Numerical Algorithm
Extensive testing of computational� uid dynamics (CFD) metho-

dology has identi� ed high-order algorithms as the most ef� cient
for acoustic calculations.2 Runge–Kutta time integration and cen-
tral differences in space have been chosen for the present work. In
this section, the governing equations, as well as the details of the
numerical scheme, are discussed.

Governing Equations
The Euler equations are normally used to describe acoustic phe-

nomena and are used for many of the simulations in the present
research. However, viscous effects may be important in the source
region and also shouldbe investigated.Therefore,some simulations
presented here will use the Navier–Stokes equations. In addition, to
simulate � ows around curved bodies, such as airfoils, generalized
coordinates are used. The � uid is assumed to be an ideal gas. The
Navier–Stokes equations and the ideal gas law form a complete set
of equations that can be solved for the dependent variables. These
equations are made dimensionless using the speed of sound as the
reference velocity. The pressure is nondimensionalized by ½1c2

1
and the density by its freestream value. The length scale is taken to
be half the airfoil chord.

The inviscid portions of the equations are written in a fully non-
conservativeform. However, the viscous terms are arranged to min-
imize the work and closely resemble the strong conservation form
found in many textbooks.3 The exact form of the equations used in
this work can be found in Ref. 4. The use of the nonconservative
form of the equations means that no assumptions about the metric
terms are needed. Assumptions would be required to bring them
inside all of the derivatives to put the equations into strong con-
servation form. Although certain groupings of the metric terms are
identically zero analytically,3 this result is reproduced numerically
only when the metrics are calculatedusing the identical discretized
differential operators used to solve the equations. Furthermore, the
operators must not change within the domain. This is violated in
the vicinity of the trailing edge of an airfoil when a grid with a C
topology is used. A nonphysical source, which is generated in this
region, makes it dif� cult to converge to steady state to machine ac-
curacy when using a high-order scheme in conservative form. The
noncompactnessof the spatial operatorsand the low levels of dissi-
pation in the scheme contribute to the dif� culty in controlling this
nonphysical source. However, a calculation of the viscous terms in
a nonconservativeform would be extremely costly.

Solution Algorithm
The governingequations can be placed in the semidiscrete, com-

pact form

@Q
@t

D ¡[F.Q/ ¡ D.Q/] D ¡R.Q/ .1/

Here F represents the discrete form of all of the spatial derivatives
appearing in the governing equations. Q is the vector of the inde-
pendent variables ½; p; u; and v. Runge–Kutta time integration5 is
used to advance the solution in time. For steady-statecalculations,a
four-stageschemewith thecoef� cients[0:375; 0:5; 1:0; 1:0] is used.
These coef� cients give good damping characteristics over a wide
range of wave numbers. This modi� ed time-stepping algorithm is
referred to as RK4. Other common choices for the coef� cients do
not yield any signi� cant improvement in the stability limit for the
present scheme because of the large extent of the spatial operators.
The local time step is chosenbasedon theCourant–Freidrichs–Lewy
(CFL) constraint

1t D
CFL

jU j C c » 2
x C » 2

y C jV j C c ´2
x C ´2

y

.2/

for a CFL number of 1.1. U D »x u C »yv and V D ´x u C ´yv are
the contravariant velocities. For viscous calculations, a local cell
Reynold’s number criterion is also satis� ed.

For time-accurate calculations, the alternating � ve–six-stage
Runge–Kutta (RK56) time integration of Hu et al.6 is used. The
smallest 1t for the entire domain is used globally. Although the

method of Hu et al.6 is technically fourth-order accurate only for
linear problems, the results have been found to compare well with
those from the classical fourth-order method. The primary advan-
tage of the alternating scheme is to increase the allowable CFL
number based on accuracy requirements. For the present scheme,
this is 1.2, compared with 0.4 for the classical method. The spatial
operator can either be sixth order or possess the dispersion-relation-
preserving(DRP) propertydevelopedby Tam and Webb.7 All of the
results in this paper are obtained using the DRP coef� cients given
by Lockard et al.8

Arti� cial Dissipation
Central difference operators do not possess any implicit dissi-

pation, and so a � lter has been added explicitly. Because all of the
spatialoperatorsmust be the same for the steadyand unsteadycalcu-
lations, the arti� cial dissipationmust be appropriate for both cases.
A higher-orderversionof the adaptivedissipationof Jameson et al.9

has been implemented for this purpose.An optimized smoother us-
ing a seven-point stencil is used as a background dissipation rather
than the fourth derivativeused in the implementationof Ref. 9. This
smoother, denoted by @0=@» 0 , was developed by Tam and Dong.10

A switch for the arti� cial dissipation that is more appropriate for
acousticcalculationshasbeendescribedby theauthors.1 This switch
has been found to perform poorly for steady-state calculations be-
cause it is too sensitive to the wave number propertiesof the � ow. A
new switch that accounts for the needs of the two calculations has
been implemented here. It has been used successfully to converge
� ows with shocks and still maintain better properties for acoustics.
However, the disparity between the amplitudes of the mean � ow
and acoustic variables makes it extremely dif� cult for any switch
to identify appropriatelyunresolvedacoustic waves in the presence
of strong mean � ow variations. The dissipation is de� ned in the
nonconservativeform as

D D D» C D´ .3/

where the terms in the » direction are

D» D jU j C c » 2
x C » 2

y

³
²2

@2

@» 2
C ²0

@0

@» 0

´

ºi D min

³
k2;

·

pi

@4 pi

@» 4

´
; ºmax D max.ºi ¡ 1; ºi ; ºi C 1/ (4)

²2 D max.0; ºmax ¡ º2/; ²0 D max.0; k0 C Á ¡ ²2/

The term Á is used to increase the coef� cient of the basic smoother
linearly in a regime when the second derivative smoother is off, but
low-amplitude waves are poorly representedon the grid. It is given
by

Á D Â¯0k
max
0 where Â D min.¯1; max.0; ºmax ¡ º0//

(5)
¯0 D .0:1º2 ¡ º0/; ¯1 D max.0; 1=¯0/

The scaling factors ¯0 and ¯1 are calculated once and stored, and
so they do not add much work to the calculations. In the current
implementation, · D 0:3 is a scaling coef� cient for the switch and
k0 D 1e ¡3 is the backgroundlevel of the basic smoother.The back-
groundsmootherbeginsincreasingaboveits backgroundlevelwhen
the switch exceeds º0 D 1e ¡ 5. Also, kmax

0 D 0:01 is the maximum
allowable value of the background smoother, k2 � xes the maxi-
mum allowable value of the second-derivativedissipationand is set
to 0.17, and º2 D 0:02 de� nes a threshold value below which no
second-orderdissipation is used.

At boundaries, the dissipation stencil is decreased from seven to
� ve and then to three points. No dissipation is applied normal to a
boundaryon grid lines that representin� ow and out� ow boundaries.
However, along a grid line representinga solid wall, the dissipation
is of equal magnitude but sign opposite to that of the points of
the adjacent grid line. The scaling coef� cient at the wall and at the
adjacentpoints is 0.03.The fourthand sixthderivativesuse 0.02 and
0.01, respectively. It is believed that the method of characteristic
boundary conditions employed in this research has a signi� cant
impact on the optimal choice of dissipation near the wall.
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a) Ampli� cation factors

b) PPW analysis of RK56

Fig. 1 Comparison of ampli� cation factors and PPW requirements;
dissipation coef� cient k0 = 0:001; error tolerance for PPW analysis is
5%.

Algorithm Performance
To illustrate the performance characteristics of the schemes,

Fig. 1a shows the results of a von Neumann stability analysis. The
magnitude of the ampli� cation factor jG j is the ratio of the ampli-
tude of the solution at successive time steps. Hence, Fig. 1a shows
that the modi� ed RK4 scheme has considerably more dissipation
over most of the wave number regime. The points per wavelength
(PPW) analysis8 in Fig. 1b gives an estimate of the requirednumber
of points per wavelength needed to achieve a prescribed level of
accuracy after a wave has propagated a given distance. Figure 1b
shows that the RK56 scheme requires more points to satisfy the
amplitude criterion, which is controlled by dissipation. However,
reducing the dissipation coef� cient fails to eliminate quickly the
odd–even oscillations generated by waves entering a region where
they are underresolved. Nonetheless, the performance is good for
CFL numbers ranging from 0.1 to 1.2. In unsteady calculations the
CFL condition is applied to the smallest cell, so that most of the
domain uses a CFL number that is smaller than the prescribedmax-
imum value of 1.2.

Boundary Conditions
Nonre� ecting boundary conditions are necessary for acoustic

simulations inasmuch as nonphysical re� ections of waves into
the computational domain can alter the solution signi� cantly.
For steady-state calculations, boundary conditions should not al-
ter the mean aerodynamics while minimizing re� ections that in-
hibit convergence. In the present steady-state calculations, Rie-
mann invariant5 boundary conditionsare used at in� ow boundaries.
Thompson11-type conditions have been applied in grid-aligned co-
ordinates at out� ow boundaries.

In unsteady calculations it is extremely important to minimize
re� ections. Here, conditions for a nonuniform mean � ow proposed
by Tam and Dong10 are used. This method essentially linearizes the
Bayliss and Turkel12 B1 operator and the Euler equations around

a nonuniform mean � ow. These equations have been applied in a
one-point region surrounding the computational domain.

At solid walls it is common practice to apply a condition to the
normal pressure gradient and extrapolate all other variables to the
wall. In an effort to bettersimulatethedensityandvelocityvariations
near the wall, the conditionsdeveloped by Thompson11 are applied
by decomposing the equations in the direction normal to the wall.
After application of a series of matrix manipulations outlined by
Thompson,11 the governing equations become

S¡1 @Q
@t

C L C S¡1C D 0 .6/

For a two-dimensional problem decomposed in the » direction, the
relevant quantities are

K D fU ¡ jr» jc; U; U; U C jr» jcgT (7)

L D

¸1 jr» j@
p

@»
¡ ½c

³
»x

@u

@»
C »y

@v

@»

´

¸2

³
¡ @p

@»
C c2 @½

@»

´

¸3

³
¡»y

@u

@»
C »x

@v

@»

´

¸4 jr» j
@p

@»
C ½c

³
»x

@u

@»
C »y

@v

@»

´

(8)

SL D

L1 C 2jr» jL2 C L4

2c2jr» j
L1 C L4

2jr» j
»x .L4 ¡ L1/ ¡ 2½c»yL3

2½cjr» j2

»y .L4 ¡ L1/ C 2½c»x L3

2½cjr» j2

The subscripts on ¸ represent the elements of the vector K . In this
form, the direction of propagation of the characteristic variables
S¡1@Q along » is governed by L. At a boundary, those variables
propagating out of the domain are updated using information from
within the computational domain, whereas all others are speci� ed.
At a wall in inviscid � ow, the equations simplify greatly because of
the no-penetration condition. In this case, L2 D L3 D 0. The signs
on L1 and L4 are opposite, and so one will be calculated and one
needs to be speci� ed. The new feature in the current approach is to
use all of the terms in the momentum equations to determine the L
representing the incoming wave to force the normal velocity U to
remain zero. The no-penetrationcondition is

@U

@t
D »x

@u

@t
C »x

@v

@t
D 0 .9/

Replacing the time derivativesof u and v with the appropriateterms
from Eq. (6) leads to

L1 ¡ L4 D .2½c/.»x C3 C »y C4/ .10/

whichprovidesan equationfor theunknownL. C3 andC4 includeall
of the tangential and viscous terms in the u and v momentum equa-
tions, respectively.Although this method applies a condition to the
normal derivativeof the pressure, as do many other methods, it also
provides information on the evolution of the other � ow variables.
For a plane wall in inviscid � ow, the right-hand side of Eq. (10)
is zero, which reduces to the result obtained by Thompson.11 The
conditionsare implementedusing third-order,fully biasedoperators
in the wall normal direction.Because the arti� cial dissipationterms
generate a normal velocity at the wall, this is subtracted off after
each Runge–Kutta stage. In practice, we have found that the pres-
sure from the characteristicapproachis very similar to that obtained
using the conventional method, but some deviation is observed in
the other variables. Although some additional coding is required
for the characteristic approach, it attempts to model the physics
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near the wall to solve for all of the unknowns. The traditional ap-
proach applies a low-order extrapolation,which is clearly incorrect.
However, a zeroth-orderextrapolationcan have a stabilizingeffect,
which may be lost by the characteristicapproach.When the mesh is
very � ne near the body, the error introduced by the extrapolation is
small. Thus, the characteristic approach is likely to be most useful
on meshes less dense than those used for traditional CFD, which is
often the case in CAA. The points along the cut line of the C-type
grid, with stencils that extend onto the airfoil, must also be treated
carefully. The Q at these points are replaced by the average of the
upper and lower solutions along the cut after each stage.

Multigrid Acceleration
Jameson’s13 full approximationstoragemethodextendsmultigrid

techniquesto acceleratetime-marchingalgorithmsto convergemore
ef� ciently to the steady state of the Euler and Navier–Stokes equa-
tions. The current implementationmost closely resembles the � nite
difference code described by Chima et al.14 Ozyoruk and Long15

recently reported on the adaptation of a spatially fourth-orderCAA
algorithmto employa multigrid technique,but their implementation
more closely resembles a � nite volume development.

Basic to anymultigridschemeare transferoperators.W 2h
h denotes

restrictionfrom a � ne mesh to a coarse mesh. Subscripts are used to
denote the mesh spacing with h representing the � ne mesh and 2h
the coarse mesh. The full weightingoperator16 is used to restrict the
residual. In addition,the Jacobian is used as a weighting factor.This
is somewhat implicit when the equations are solved in conservative
form. Thus, R2h D W 2h

h Rh can be expressed in one dimension as

Ri
2h

2J i
2h

D 1

4

R2i ¡ 1
h

J 2i ¡ 1
h

C 2
R2i

h

J 2i
h

C R2i C 1
h

J 2i C 1
h

.11/

The superscript denotes the grid point, and i ranges from 0 to
N=2 ¡ 1. N represents the grid size on the � ne mesh. In two di-
mensions the restriction operator is a simple generalization into a
nine-pointoperatorwith the most distant points weighted by 1

16 , ad-
jacent points by 1

8 , and the center point by 1
4 . The scaling parameter

on the Jacobianon the left-handside also increasesfrom2 to 4. Near
boundaries, all points from outside the domain that would be used
in the restriction are de� ned to be the values at the adjacent point
in the grid. Also, any special operations that are performed on the
solution variables after each Runge–Kutta stage must be properly
re� ected in the � ne-grid residual before restriction. For example,
the residual on inviscid walls must be tangent to the wall before the
restriction operation. Direct injection is used for the solution vari-
ables Qi; j

2h D Q2i;2 j
h . Furthermore, all grid parameters, such as the

metrics, are restricted by simply scaling directly injected values.
For example, J i; j

2h D 1
4

J 2i;2 j
h .

T h
2h signi� esprolongationfroma coarseto a � nemesh. It is applied

only to thecorrectionto the solution.This correctionis thedifference
between the current solutionon the coarse mesh and the startingone
obtained by restricting the � ne-grid solution. The correction after
n time steps on a coarse mesh is given by 1Q2h D Q.n/

2h ¡ W 2h
h Qh .

Points that coincide are injected directly. All other points on the
� ne mesh are found using bilinear interpolation16 of the coarse-
grid corrections. The solution on the � ne mesh is then modi� ed by
Qnew

h D Qh C 1Qh .
By using these operators to transfer informationbetweenmeshes,

a multilevel algorithm may be implemented. The stages of the RK
scheme on a coarse mesh are given by

Q.s/

2h D Q.0/

2h ¡ ®s1t2h F Q.s ¡ 1/

2h ¡ D Q.0/

2h C P2h .12/

where P2h is a forcing function de� ned by

P2h D W 2h
h [Fh.Qh/ ¡ Dh.Qh/] ¡ F2h Q.0/

2h ¡ D2h Q.0/

2h (13)

Because the forcing function contains the residual of the coarse
mesh from the � rst RK stage, the solution on the coarse mesh will
be driven by the � ne-grid residual.This can be exploited by using a
different scheme on coarser meshes. A second-order,central differ-
ence spatial operator with a constant-coef�cient, second-derivative

dissipation is used on all coarse meshes. This allows the CFL num-
ber to be increased on coarser meshes and further reduces the work
while maintaining the spatial accuracy on the � ne mesh.

The process may be repeated for as many meshes as desired, but
only a maximum of four levels have been used successfully with
the current code. The � nest mesh is chosen to have 2n C 1 points
in each direction, where n is an integer. This allows the boundaries
to be maintained as the grid is reduced. A saw-toothed cycle is
used with two Runge–Kutta iterationson the coarsestmesh and one
on all other meshes. After every restriction and prolongationof the
solutionvariables,all boundaryconditionsare applied.The solution
is started on the � nest mesh, with the saw-toothedcycles continuing
until convergence to machine accuracy is obtained.

Results
Mean Flow Solutions

Althoughthe currentapproach is generalenoughto handlea wide
variety of airfoil shapes, the NACA00 family is used because they
are similar to the symmetric airfoils used in some previous stud-
ies of gust interaction noise.17 Figure 2 shows the Mach number
distribution and grid for a NACA0012 airfoil. The angle of attack
® is zero, and the freestream Mach number is 0.5. The grid is of
C topology, with the � rst number in the dimensions 81 £ 129 rep-
resenting the number of C curves. The outer grid boundaries are
relatively close to the airfoil, but highly stretched grids have been
foundto performpoorly forunsteadycalculations.Figure 3 gives the
convergencehistoryfor this case.Multigridaccelerationreduces the
numberof cyclesby a factorof 10, but the overhead in work reduces
the actual savings. These calculations have been performed on an
IBM SP-2 with 4–16 nodes.The time in Fig. 3 has been convertedto

Fig. 2 Mach number distribution and 81 £ 129 grid for a NACA0012
airfoil; M = 0:5 and ® = 0 deg.

Fig. 3 Convergence history for a NACA0012 airfoil on an 81 £ 129
grid; M = 0:5 and ® = 0 deg.
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Fig. 4 Surface pressure distribution for a NACA0012 airfoil; M = 0:5
and ® = 0 deg.

Fig. 5 Surface pressure distribution for a NACA0012 airfoil; M = 0:5
and ® = 5 deg.

equivalentsingle-nodeCPU time.Morenodescouldhavebeenused,
but the problem size did not warrant it. Flows with lifting airfoils
and shocks converged more slowly, but the savings were similar.

Figures4 and5 givegrid re� nementstudiesof the surfacepressure
distributions for the NACA0012 at ® D 0 and 5 deg, respectively.
The mean � ow solutions have been validated through grid re� ne-
ment studies and comparisons with experimental data and produc-
tion CFD codes. The symbols represent the solution from the code
CFL3D.18 Fine gridsclusterednear thebodywereusedwith CFL3D,
and so only a few of the data points from those calculations are in-
cluded. There is very little difference between the solutions from
the grid re� nement and CFL3D. However, some discrepancy can
be seen near the trailing edge. The abrupt change in the boundary
condition at the trailing edge gives rise to a small pressure jump
that generates some oscillations.Figure 4 also shows that a viscous
calculationwith Re D 5 £ 103 for the ® D 0 deg case reduces these
� uctuations signi� cantly. The viscous terms model the physics in
this region more accurately, but the solution is still not perfectly
smooth.

Airfoil/Gust Interaction
The primarygoalof thepresentresearchis to simulatethenoisera-

diated when unsteadydisturbancesencountersolid bodies.Because
it is dif� cult to impose arbitrary disturbances at curved boundaries
and still minimize re� ections of outgoing waves, an alternate ap-
proach has been developed to generate the gust inside the domain.
To make comparisons with other work in this area, a plane vortical
disturbance of the form

v D a1 cos[k.x ¡ Mt/] .14/

is introduced inside the domain by adding a source function to the
governing equations. The source is derived by � nding a suitable
forcing function for the equations that produces the desired form

for the gust. Because the gust is incompressible and vortical, only
the momentum equations need to be modi� ed. By assuming that
the source is in a region of uniform � ow in the x direction and
interactions between the gust and other waves are negligible, one
obtains

@ug

@ t
C M

@ug

@x
D @S

@y
;

@vg

@t
C M

@vg

@x
D ¡ @S

@x
.15/

The subscript g refers to the gust. A solution for S is sought that
produces a gust of the form of Eq. (14) downstream of the source.
The equations for the total � eld are then modi� ed to include the
source in the form

@u

@t
¢ ¢ ¢ D @9

@y
sin.kMt/;

@v

@t
¢ ¢ ¢ D ¡ @9

@x
sin.kMt/ .16/

where

9 D a1
M.b2 ¡ k2/

4b2 sin.k¼=b/
f1 C cos[b.x ¡ x0/]gftanh[3.y C y0/]

¡ tanh[3.y ¡ y0/]g (17)

in the range jx ¡ x0j < ¼=b, where x0 and y0 specify the center
of the source and b speci� es its width. The source is similar to
a stream function so that the induced vortical gust velocities are
solenoidal to linear order. Thus, the gust should not produce any
noise. Here, k D !l=.2U1/ is the reduced frequency and l=2 is the
chord half-length,which is the reference length. Thus, the airfoil al-
ways extends from ¡1 to 1. After a periodic steady state is reached,
the perturbation pressure is sampled over several periods to obtain
rms values. Similar data for a � at plate have been compared to the
semianalytic results of Atassi et al.19 in an earlier paper.1 Atassi et
al.20 have also presented results for thick Joukowski airfoils. Agar-
wal and Huh21 also performedcalculations for similar � ows. Myers
and Kerschen22 and Howe23 have developedanalytic techniques for
gust interaction problems. To be consistent with previously pub-
lished results, the rms values are multiplied by

p
2 to obtain the

amplitude of the oscillations jp0j. A gust amplitude of a1 D 1e ¡ 3
is used in all of the studies. Although the amplitude is small, the
calculationsare fully nonlinear.Also, many of the comparisonsuse
½1U1a1 to normalize the perturbationpressure.This dimensionless
pressure is denoted by p0 to distinguish it from the total pressure p
normalized by ½1c2

1 in the CAA code.
An example of the instantaneous v velocity contours is given in

Fig. 6 to demonstrate that the method is capable of generating a
periodic gust. In this case, x0 D ¡2:5, y0 D 1:5, and b D 5. Good
results have been obtained for a variety of frequencies and ampli-
tudes as long as the sine function in the de� nition of 9 does not
approach zero. When this occurs, large internal cancellations take
place that can lead to large amplitudes and poorly resolved wave-
forms within the source region. A shear layer in the streamwise
velocity is generated in the region where the hyperbolic tangent
functionsvary. This region is susceptibleto instabilitiesand spread-
ing by the arti� cial dissipation.However, the noise emanating from

Fig. 6 Instantaneous v contours for a NACA0012 airfoil; k = 7:85;
M = 0:5, and ® = 0 deg.
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this region is usually relativelysmall. Furthermore, instabilitiesand
further alterations to the gust that result from interactions with the
nonuniformmean � ow and acousticwaves actuallymodel real � uid
effects. The inability of the present method to simulate an in� nite,
periodic gust perfectly should not be viewed as a limitation. In fact,
these mechanisms need to be simulated properly to solve a more
complete, realistic problem than the simple, single-frequencygust
interactions described here.

Low Frequency
A reduced frequency of k D 1 is used with a freestream Mach

number of 0.5 to correspond to the conditions used for a � at plate
airfoil in our earlier paper.1 It was shown that the CAA results for
a � at plate are similar to the semianalytic solution of Atassi et al.19

Unfortunately,no comparisonsolutionsby other methods are avail-
able for the airfoils used in the present study. Therefore, only CAA
results will be given in the following presentation, with qualitative
comparisons being made to similar calculations by others. Besides
the change in position of the solid surface, the thick-airfoil calcula-
tions also include a nonuniform mean � ow, which may distort the
gust and acoustics.

Figures7 and 8 demonstratethe effect of thicknesson the radiated
noise and surface pressuremagnitude.In the directivityplot, r is the
polar distance from the origin to the observer.The angle µ is always
measured from the airfoil axis. At zero angle of attack, µ D 0 cor-
responds to the freestream direction. The amplitude of the pressure
oscillation for any angle is given by the distance to the point on the
corresponding curve. Only the upper half-plane is given for ® D
0 deg cases because the rms values possess symmetry across y D 0.
However, both upper and lower planes are used in all of the compu-
tations. Both of the solutions for the NACA airfoils show increased
noise radiation in the upstream direction. However, note that the
directivities are obtained directly from rms data along a grid line
within the domain. The directivity plots scale the data by

p
r to

account for the cylindrical spreading, which is correct only in the
far � eld. Some additional variation with radial distance has been
observedfrom the numerical solutions, indicating that the grid does
not extend to the far � eld. A Kirchhoff-typeintegral techniquecould

Fig. 7 Directivity variation with thickness; k = 1, M = 0:5, and ® =
0 deg.

Fig. 8 Surface pressure magnitude variation with thickness; k = 1,
M = 0:5, and ® = 0 deg.

Fig. 9 NACA0012 airfoil rms pressure contours; k = 1, M = 0:5, and
® = 0 deg.

Fig. 10 Directivity variation with angle of attack for a NACA0012
airfoil; k = 1 and M = 0:5.

be used to obtain true far-� eld values because it would require enor-
mous resources to extend the grid until all of these variations dis-
appeared; however, the trend with thickness is consistent with the
work of Atassi et al.20 The surface pressures in Fig. 8 indicate that
the dominant noise source is near the leading edge. Similar to the
mean � ow result, a jump in the pressure amplitude is visible in the
vicinity of the trailing edge. The pressure variations for the airfoils
go to zero at the stagnation point as expected. Figure 9 shows that
the noise is primarily radiated normal to the airfoil from near the
leading edge. The airfoil calculations are fairly well converged, as
unsteady solutions on the 81 £ 129 and 161 £ 257 grids show little
change. In the case of the � at plate, the singularity at the leading
edge makes it very dif� cult to obtain consistent results with grid
re� nement. At this low frequency, the wavelengths of the unsteady
disturbancesare longer than the airfoil chord. Hence, they are over-
resolved even on the coarse mesh. The acoustic wavelength is so
long that the scale for the mean � ow actually governs the required
grid spacing.

The effect of the angle of attack is shown in Figs. 10 and 11.
The radiated noise is augmented on the suction side, y > 0, and
decreased on the pressure side. This is seen in both the directivity
and pressure amplitude plots.

A calculation has also been made for a viscous � ow at a Re D
5000 and ® D 0 deg for a NACA0012 airfoil. The directivity in
Fig. 12 is similar to the inviscid case except in the downstream
direction. This is caused by a slight instability in the viscous wake
triggered by the gust. At higher frequencies the instabilities grow
rapidly and cause variations comparable to those of the mean � ow.
However, at this low gust frequency, the wake dynamics do not
appear to alter the sound � eld signi� cantly. Figure 13 shows that
the surface pressure amplitudes are also consistent. However, the
viscous calculation does not exhibit any spike at the trailing edge.
Thus, the viscosity applies a pressure condition that incorporates
some of the � ow physics absent in the inviscid case.
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Fig. 11 Surface pressure magnitude variation with angle of attack for
a NACA0012 airfoil; k = 1 and M = 0:5.

Fig. 12 Directivity variation with Reynolds number for a NACA0012
airfoil; k = 1, M = 0:5, and ® = 0 deg.

Fig. 13 Surface pressure magnitude variation with Reynolds number
for a NACA0012 airfoil; k = 1, M = 0:5, and ® = 0 deg.

High Frequency
A higher frequencyof k D 7:85hasbeenexaminedona 161£257

grid. The solution on the coarser 81 £ 129 mesh did not resolve all
of the waves away from the body. However, similar lobed patterns
are observed in both cases.

Figure 14 shows the effect of increasing thickness on the direc-
tivity. At ® D 0 deg the four-lobedpattern observed for the plate re-
mainsapparentfor theNACA airfoils.However, theupstreamlobe is
increased, whereas the downstream lobes are reduced signi� cantly.
Most of the changes are evident for the NACA0006, indicating that
the realistic mean � ow and nose shape are the dominant factors for
the observed changes from the � at plate case. Figure 15 demon-
strates that the trend with thickness is also reproducedin the surface
pressures.The surface pressures are modi� ed more signi� cantly by
the thicknessthan the directivity,but some correspondencebetween

Fig. 14 Directivity variation with thickness; k = 7:85; M = 0:5; and
® = 0 deg.

Fig. 15 Surface pressure magnitudevariationwith thickness; k = 7:85,
M = 0:5, and ® = 0 deg.

Fig. 16 NACA0012 airfoil rms pressure contours; k = 7:85, M = 0:5,
and ® = 0 deg.

them is still evident.The distributionof surface sources in the verti-
cal direction for the � nite thickness airfoils makes it more dif� cult
to identify lobes in the directivity with a particular pattern in the
surface pressure.As in the low-frequencycase, there is a signi� cant
oscillation at the trailing edge. Although visible for the � at plate,
it is considerably smaller in that case because a much � ner grid is
used to resolve more adequately the singularity.

Another dif� culty with the higher-frequency case is visible in
the rms pressure contours in Fig. 16. Downstream of the airfoil, the
patternexhibitsconsiderablewaviness.Althoughthe propagationof
the gust through the mean pressurediscontinuityat the trailing edge
and the dif� culty in resolving all of the phenomena in that region
could be responsible for the oscillations, the growth of instabilities
in the gust may be important. A more detailed analysis of the � ow
downstream of the airfoil by the authors shows the existence of
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Fig. 17 Directivity variation with angle of attack for a NACA0012
airfoil; k = 7:85 and M = 0:5.

an interference pattern between the noise radiated from the airfoil
surface and a disturbance emanating from the gust.24 Most of this
secondarynoise source is limited to the region where the gust varies
in y .y ¼ 1:5/, where instabilitiesare likely to grow. This is another
instance of a physicalmechanism making it dif� cult to simulate the
idealized problem of an in� nite gust.

The effect of angle of attack is also examined, but the results
are more dif� cult to interpret. The directivity is given in Fig. 17.
Augmentation and suppression of the radiated noise cannot always
be related directly to the pressure and suction sides as in the low-
frequencycase.However, an examinationof frequenciesfrom k D 1
to k D 15 seems to indicate that suppression is more likely on the
suction side. The directivity shape is also typically modi� ed by the
change in the mean � ow associated with the effect of the angle of
attack.

Conclusions
The calculations presented help to con� rm that CAA techniques

may be applied to realistic problems. Drastically different ampli-
tudes between the mean � ow and the acoustics have been captured.
Realistic mean � ows have been obtained in only a few minutes
using a multigrid method and parallel computers. Greater improve-
ments could be obtained by using implicit smoothing techniques
andother preconditioners.Furtherenhancementsin theconvergence
are needed to make three-dimensionalproblemsmore tractable.The
ef� ciency of the unsteady simulations is even more important be-
cause they take considerably longer. An inviscid calculation on the
161 £ 257 mesh requires16 single-nodehours. Inclusionof the vis-
cous terms increases the CPU time by 50%.

The unsteadysimulationsof the radiatednoisegeneratedbyplane,
vortical gusts encountering thick airfoils are in general agreement
with the work of Atassi et al.20 The same trends with thickness
and angle of attack have been observed. However, the numerical
directivitiesare limitedby thegridsizeand needto be extendedto the
far � eldusinga Kirchhofftechnique.Furthermore,theabruptchange
in the boundary condition in the vicinity of the trailing edge gives
rise to a pressure jump in the mean � ow and spurious oscillations in
the unsteady � ow. These dif� culties are accentuated by the seven-
point, spatial-discretizationstencil. More work is necessary in the
inviscid � ow cases to develop conditions to model the � ow in this
region adequately without resorting to an inordinately � ne mesh.

Viscouseffectshavebeenshown to smooththe � ow in thevicinity
of the trailing edge without altering the radiated noise signi� cantly.
However, � ner meshes are required. Furthermore, the viscouswake
is unstable.At k D 7:85,gust-triggeredinstabilitiesin the wake grew
rapidly and resulted in large variations in the mean � ow. The radi-
ation boundary conditions are not designed for such variations and
generated large re� ections. Even in inviscid cases, some spread-
ing of the vorticity in the region where the gust varies in y has
been observed. Thus, more work is necessary to simulate the ideal-
ized problem properly. However, it is more important to allow for
and accommodate the growth rates of the instabilities in the gust
and wake so that more realistic interaction problems may be per-
formed with con� dence.
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